XXX Heisenberg s¡1{2 model has been examined in detail during last decades, however, recently one may find some new insights into that issue. Among several approaches describing the eigenproblem for the finite case, a close look into the structure of Bethe equations (BE) for the two-magnon sector case seems to be particularly interesting. BE enable us to evaluate parameters labeling eigenstates of a magnet, however to find appropriate sets of winding numbers, which parametrize BE, one has to apply the Inverse Bethe Ansatz method. On the other hand, one may choose a different -combinatoric approach -which also parametrizes Bethe eigenstates, with the use of rigging numbers describing string configurations. We present an idea of comparison of the concepts mentioned above for the particular case of two-spin deviations sector.
Introduction
In the paper [1] , it has been shown, that to solve an eigenproblem of two spin deviations sector for the s¡1{2 Heisenberg isotropic, homogenous magnet ring, it is natural from the mathematical point of view to apply the approach by means of Chebyshev polynomials. In this paper, we intend to present explicit physical and topological parameters: riggings and winding numbers, for each of the exact eigenstate of the problem. One of the goals of the paper is a geometric interpretation of the Essler condition [2] [3] [4] , which describes departure from the Bethe hypothesis for two spin deviations [5] . The paper is organized as follows. In Section II we introduce some notation of the eigenproblem of the two-deviation sector for arbitrary number of nodes N ¥ 4, of the Heisenberg magnet. In particular, we present characteristic polynomial for this sector with a given total quasimomentum k by means of suitable type of Chebyshev polynomial depending on the parity of N and k. In Section III we recall Bethe equations for the two magnons case and present the solution by means of Inverse Bethe Ansatz method given in [6] . Bethe parameters are uniquely determined by quasimomentum k and a new quantum number m introduced in [1] . In Section IV we examine the difference of phases of Bethe parameters depending on k and m numbers. We introduce the notion of generalized bound and scattered states, and by means of these results we study their character. In Section V we parametrize winding numbers and rigged string configurations by k and m * corresponding author; e-mail: labuz@ur.edu.pl numbers. Finally, we show how winding numbers determine riggings of string configurations.
Preliminaries
In this section we give some general information concerning the problem being discussed, and recall results from [1] . Let H be the Hilbert space of the linear span over complex numbers on the set 
where |jy |j 1 , j 2 y denotes a state, with j 1 and j 2 indicating positions of Bethe pseudoparticles on a chain consisting of N nodes, and Qpjq is the set of all nearest neighbours of j [1] . The summand 4 |jy has been added for some convenience to shift the standard energy level, in order to simplify further calculations. This Hamiltonian for any number of nodes N and twomagnon sector can be introduced as the sum of blocks of Hamiltonians depending on values of quasimomenta k:
Then, appropriate characteristic polynomials can be written as: 2T n , for N even, k even,
where T n , U n , V n , W n denote the n-th Chebyshev polynomials of the suitable kind. For more details see [1] .
Bethe parameters
Bethe equations may be introduced in the form [5] :
with p 1 and p 2 denoting pseudomomenta, φ r0, 2πq (for k ¡ 0, which we condider from now on, if not stated otherwise) describes phases of interacting pseudoparticles, and pn 1 , n 2 q is a set of winding numbers, which parametrize Bethe equations. Pseudomomenta p 1 and p 2 satisfy
and from (8) we have the following equality:
Notice also that (9) describes conservation of pseudomomentum.
One can use Bethe parameters in the form of phases pa, bq, related with pseudomomenta by a e ¡ip1 , b e ¡ip2 . In 
As a matter of fact IBA corresponds to the conservation laws of the total quasimomenta and energy, respectively: 
Analogously, for imaginary θ, which at most occurs for m 0, one gets:
and cosh pN¡2qη
where
(18) Pseudomomenta of Bethe pseudoparticles for bound states are complex conjugate, and take the following form:
It is worth to recall, that for an arbitrary value of k, for the case m ¡ 0, the solution of θ k,m is real, while for m 0, in most cases, θ k,0 is imaginary. For that reason, for m 0 we call eigenstates generalized bound states (GBS), and for m $ 0 -generalized scattered states (GSS). In most cases GBS is a bound state, and GSS -a scattered state. However, there are some exceptions:
A1. k 0, m 0, GBS is the second descendant of the vacuum, A2. k ¨1, m 0, GBS is the first descendant of a suitable one-magnon state,
, GSS is the first descendant of a suitable one-magnon state, A4. |k| ¡ 1 odd, for an N large enough [2] (corresponding to k), GBS (m 0) appear to be scattered ones.
Winding numbers
In the case of real solutions of θ, winding numbers satisfy the following relations:
where r N,k is defined in (10), p k is given in A3, and
For the case m p, a state is a descendant arising from the space with a lower weight r I . For p ¡ 0, a state with m 0 corresponds to a two-string, which means it is bound or scattered, depending on numbers N, k, according to the Essler considerations [2] , what is connected with the A4 exception.
It is worth to observe that for a descendant pm p k q the winding number n 1 0. Further, for the complex case of solution of θ one obtains
with Re φ r0, 2πq, Im φ N η.
Then, depending on parity of k, one gets:
Condition which enables one to choose riggings properly is as follows [7, 8] :
with P l being a maximum rigging value given by the following formula
where Q l denotes the number of boxes in the first l columns of the Young diagram of a string configuration ν.
The relation of riggings to winding numbers, in the two-string case is the following
whereas for the case of two one-strings (n 2 ¥ n 1 2) we have
(27)
Conclusions
In our paper we have examined the two-deviation sector of the Heisenberg magnet ring. We have shown, that eigenstates of the problem are labeled by quantum numbers: total quasimomentum k and the number m, which determines generalized type of states, scattered or bound ones. This generalization corresponds to the nature of a state, with exceptions given by rules A1-A4 in Section 4. In particular, it is worth to observe, that winding numbers are related with riggings describing combinatiorial classification of the problem ((26), (27)). Combinatorial approach and analytical solution give the same exceptions A1-A3. However, the Essler exception A4 for GBS leads to analytical scattered states (pseudomomenta are real), while from the combinatorial point of view solutions are classified as bound states (n 1 n 2 1, for this case r k 1).
